
British Journal of Science         35  February 2019, Vol. 17 (1)  © 2018 British Journals ISSN 2047-3745  Scattering Properties of Two Cesium-133 (133Cs) Atoms  A. M. Alkurdi1, A.S. Sandouqa2, and H.B. Ghassib1  1 Department of Physics, School of Science, The University of Jordan, Amman, Jordan 2Department of Physics and Basic Sciences, Faculty of Engineering Technology, Al-Balqa Applied University, Amman, Jordan  Abstract   The scattering properties of two 133Cs atoms are investigated within the framework of the Lippmann-Schwinger (LS) formalism. Specifically, the total, viscosity and spin-exchange cross sections, for both singlet and triplet states, are computed..  The LS equation is solved quite accurately by a matrix-inversion technique. Sharp resonance peaks, representing ‘quasi’ bound states, appear in these cross sections.  In the triplet total and viscosity cross sections, quantum effects appear as undulations. Finally, the results obtained for the complex spin-exchange cross sections are particularly highlighted, because of their importance in the spectroscopy of the 133Cs2 dimer.   Key words: Total, viscosity, and spin-exchange cross sections, Morse potential, Lippmann-Schwinger (LS) equation.  1. Introduction This work explores the scattering properties of two interacting 133Cs atoms.  These properties include –  for both singlet and triplet states – the total, viscosity, and (complex) spin-exchange cross sections  (Dmitriev, 2014).   Cs is a boson with spin 1. Its only stable isotope is 133Cs, which is hard to get in a pure condition. This is a highly-reactive alkali metal, whose boiling point is 944.0 K and melting point is 301.6 K. As a result of its large activity, it interacts strongly with air and water, the interaction being accompanied by an explosion (Kerman et al., 2001). The advent of magnetic and magneto-optical traps has made it possible to attain ultralow temperatures (T ≤ µK). At such T, even heavy gases like Cs and Rb become quantum gases, the corresponding de Broglie wavelength becoming comparable to the interparticle spacing (Walraven, 1995). There, these gases exhibit Bose-Einstein condensation (BEC) (Anderson et al., 1995; Bradley et al., 1995; Davis et al., 1995; Cornell and Wiemann, 2002; Ketterle, 2002). Measurements of the various scattering cross sections for spin-polarized atomic Cs in the T-range 30-250 µK  indicated clearly that these do not depend on T in this range (Monroe et al., 1993). The spin-exchange cross section and the magnetic resonance frequency shift, upon collision of two Cs atoms in the ground state, were calculated using the interaction potentials for the singlet and triplet states of the Cs2 dimer (Dmitriev et al., 2014).  The starting point of this work is the choice of the Cs-Cs potential. This has been chosen to be the widely-used Morse potential (Morse, 1929) with specific parameters (Krauss and stevens, 1990). Next, this potential, which is the basic input in the formalism, is fed into the momentum-space version of Schrödinger’s equation , namely, the Lippmann-Schwinger (LS) t-matrix integral equation (Bishop et al., 1977). The t-matrix, which is the central quantity in the formalism, is calculated as a first step in computing the corresponding phase shifts which, in turn, yield the cross sections. The rest of this work is organized as follows. In Section 2,  the input potentials  for the singlet and triplet states, as well as our theoretical framework, are presented.  The results follow in Section 3; they are displayed in figures and tables, then discussed thoroughly and compared to previous results. Finally, the paper 
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2.1 Interatomic Potential As for other atomic and molecular systems, the Cs-Cs potential is available in more than one version, depending on the methods of construction. These are all square-integrable and, therefore, Fourier-transformable.  The Morse potential reads                 ( ) e er rV r exp 2a 1 2exp a 1r r      

= ε − − − − −      
         

,                                                    (1) where  eea 2 ω
=

′β ε
. The parameters pertaining to both singlet and triplet states are listed in Table 1 (Dickinston and Rudge, 1970; Krauss and Stevens, 1990), and the corresponding potentiaals are plotted in Fig. 1.  Table 1: The Morse parameters for both singlet and triplet states (Dickinston and Rudge, 1970; Krauss and Stevens, 1990).  Parameter Singlet Triplet re 4.625(Å) 6.265(Å) βe 0.0131(cm-1) 0.00597(cm-1) ωe 40.99(cm-1) 12.29(cm-1) ε 5140.74(K) 406.2(K) ε′ 3573.01(cm-1) 282.32(cm-1)   Figure 1: The Cs-Cs potential for both singlet +∑g1x  and triplet +∑ u3x  states.      



British Journal of Science         37  February 2019, Vol. 17 (1)  © 2018 British Journals ISSN 2047-3745  2.2 LS t-matrix    Operationally, this is given by (Landau, 1996)              1t u u te= − ,                                                                                                    (2) where u is the potential operator, and e is the ‘energy denominator’ defined below. The physical content of this equation is quite transparent: In terms of a Neumann series (Mathews and Walker, 1969) for the right-hand side, the zeroth term is just the ‘bare’ potential u. Successive terms denote the idea of multiple scattering, inherent in microscopic physics. Equation (2), then, expresses the closed sum of an infinite series. Transferring the last term on its right-hand side to the left-hand side, one can see at once that a solution for t can be obtained by matrix inversion. This technique has been brought to a fairly high level of sophistication during the past few decades (Ghassib et al., 1976; Bishop et al., 1977; Al-Maaitah et al., 2016; Al Harazneh et al., 2018).              In the momentum representation, Eq. (1) reads 
( ) ( ) ( )

( ) ( )
∫ η−−

β′×−
π−′−=β′ −  isk ,P,s;p,ktkpu kd2ppu,P,s;p,pt 23 rrrrr

rrrrrr .                                           (3) Here: Pr is the center-of-mass momentum, pr  and pr′  are, respectively, the incoming and outgoing relative momenta. Throughout this work, use is made of the ‘natural’ system of units, such that Bm k 1= = =h , m being the atomic mass, h  Dirac’s constant (= h / 2π ), and kB Boltzmann’s constant. The conversion factor for the present system is 2 m 0.3653=h  K.Å2. The operator u is given by V21Vm2u 2r ≡≡
h

[in natural units], rm being the reduced mass of the interacting pair: mr = ½m, and ( )V V p, p′= , the Fourier transform of the static, central Cs-Cs potential. The parameter s  is the total energy of the interacting pair in the center-of-mass frame and is given by ,M2Pm2s 2202 r







 Ρ
−=
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h
 where (P,P)ur is the corresponding four-vector momentum: r22220 m2 kM2P hh

+
Ρ

=  , and M = 2m; so,                                   2ks = .                                                                                            (4) Upon partial-wave decomposition, Eq. (3) takes the form (Bishop et al., 1977)    ( ) 2 2 20 u (p,k) t (k,p ;s,P, )t (p,p ;s,P, ) u (p,p ) 2 k dk k s i∞
− ′× β

′ ′β = − π
− − η∫ l l

l l                                         (5) This equation represents the ‘full off-shell’ (i.e., nondiagonal) t-matrix, pertaining to inelastic scattering, for a relative partial wave ℓ. From this, the ‘on-energy-shell’ (diagonal) counterpart ( )P,pt
l

, representing elastic scattering, is obtained directly by setting pp ′= and 2ps = .   The t-matrix is complex. It is, therefore, convenient to define a real K-matrix as follows:  
( ) ( )
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′κκ−′

π
−
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llll

ll                    (6)    s≡κ .  Clearly, the K-matrix can readily be obtained from the t-matrix by ‘smoothing out’ the principal-value integral (Mathews and Walker, 1969) [The full details of this and other steps involved in the calculations are given in a previous work (Ghassib et al., 1976)].  
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δ   can now be obtained from the parametrization               ( ) ( )2 4K p,p;p tan p .pπ= − δ
l l                                                                                      (7) The on-shell equation is an integral equation of the Fredholm kind which we have solved by matrix inversion, using Gaussian quadrature over the interval ( )0,∞  with an  appropriate mapping .Specifically, the Gaussian points xi in the interval ( )0,  1  and the corresponding weights iw′ are generated by a standard subroutine. The mapping                                    ii xq tan 2π =  

 
                                                                                      (8) transforms the mesh { }ix to{ }iq  in the interval ( )0,∞ , the corresponding weights being                                  ( )2i i iw 1 q w2π ′= + .                                                                                  (9)   

2.3 Cross Sections The main input in computing the scattering properties is the phase shift ( )p
l

δ . The total cross section σT for 133Cs-133Cs scattering is given by (Bouledroua and Zerguini, 2002; Lim and Larsen, 1981)               (1) (3)T 1 34 4σ = σ + σ ,                                                                                                   (10)  where (1) (1) (1)odd even9 716 16σ = σ + σ   and (3) (3) (3)even odd9 716 16σ = σ + σ , Here, the superscripts 1 and 3 stand for the singlet and triplet states, respectively; ( )1
l

δ  and ( )3
l

δ are the corresponding ℓ-partial phase shifts. ( )1Tσ  and ( )3Tσ  are the corresponding cross sections, and are given by                         ( ) ( ) ( ) ( )( )S S2T 28 2 1 sin kk ∞π
σ = + δ∑ l

l

l .                                                                 (11)                                                                                       Similarly, the effective viscosity cross section ησ  is (Cote et al, .1994)                       (1) (3)1 34 4ησ = σ + σ ;                                                                                           (12)  (1) (1) (1)odd even9 716 16σ = σ + σ   and (3) (3) (3)even odd9 716 16σ = σ + σ ;  
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,                                                               (13) Finally, the real part of the spin-exchange cross section is given by (Cote et al., 1994; Dmitriev et al., 2014)    
( ) ( )( )R 2 (3) (1)s 2 0 (2 1)sin k kk ∞
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l ;                                                                           (14)                 and the imaginary part  by (Dmitriev et al., 2014) 
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British Journal of Science         39  February 2019, Vol. 17 (1)  © 2018 British Journals ISSN 2047-3745  3. Results and Discussion   Our results for the 133Cs-133Cs total, viscosity, as well as (real and imaginary parts of) spin-exchange, cross sections are summarized in Figs. 2-4 and Table 2. Figure 2 illustrates the behavior of the singlet and triplet total cross sections, (1)Tσ  and (3)Tσ , as functions of the relative momentum k. Classical theory predicts decreasing cross-section with increasing energy. This is not the case here, signaling that quantum theory has taken over.  Two quantum effects are evident in the singlet total cross section (1)Tσ :  The first is the sharp minima-and-maxima structure. The second effect is the sharp resonance peaks. These peaks represent quasi-bound states – ‘quasi’ in the sense that the lifetime of the ‘loosely-bound’ pair of particles is not long enough for the pair to form a bound-state proper. In the triplet total cross section (3)Tσ , quantum effects appear as undulations.  In general, this behavior of total cross section arises from a delicate balance between the attractive and repulsive forces; with increasing k (or energy), more and more l -waves contribute ‘extra attraction’ to the scattering.  Figure 3 represents the singlet and triplet viscosity cross sections, (1)
ησ  and (3)

ησ ,   as functions of k; ση has the same overall behavior as Tσ . Figure 2: The total singlet and triplet cross sections, (1)Tσ  and (3)Tσ , for 133Cs-133Cs scattering, as functions of relative momentum k [Å-1]. 



British Journal of Science         40  February 2019, Vol. 17 (1)  © 2018 British Journals ISSN 2047-3745   Figure 3:  The viscosity cross section ση [Å2] as a function of relative momentum k [Å-1].  Figure 4 shows the behavior of the real spin-exchange cross section Rsσ , and imaginary spin-exchange cross section Isσ , as functions of k. This behavior is caused by the difference in the potentials for the electronic spin-singlet state Vs and triplet state Vt (Baumgarten et al., 2008). Once the complex spin-exchange cross section is known, the processes occurring in spin-exchange collisions can be  described completely. Specifically, Rsσ determines the transfer of orientation during collisions of particles, relaxation times, and formation of higher polarization moments. Isσ determines the magnetic-resonance frequency shifts in the system of Zeeman levels as well as  hyperfine  atomic levels (Dmitriev et al., 2014; Kartoshkin, 2015).      



British Journal of Science         41  February 2019, Vol. 17 (1)  © 2018 British Journals ISSN 2047-3745   Figure 4: The spin-exchange cross sections (real and imaginary parts) [Å2], for 133Cs-133Cs scattering, as  functions of relative momentum k [Å-1].    The total and viscosity cross sections were also calculated in the limit k 0→  for both singlet and triplet states (Table 2).. Further, in this limit, Rsσ  = 2124.05 [Å2], and   Isσ  = -230599.90 [Å2]. All these cross sections are quite large. This means that alkali atoms have a distinct advantage for evaporative cooling, as confirmed by using magneto-optical traps (Tiesinga et al., 1992).   Table 2: Total and viscosity cross sections in the limit k 0→   Singlet State Triplet State 
σT(0) [Å2] 1765.67 3510.51 
ση(0) [Å2] 1158.80 1915.86   4. Conclusion In this paper, a comprehensive calculation was presented for the total, viscosity, and (complex) spin- asexchange cross sections, in both singlet and triplet electronic-spin-states, for 133Cs-133Cs scattering. The sole input was the binary potential, taken here as the Morse potential, with suitable parameters based on 
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